












Insertion Sort is O(N logN )

Michael A. Bender

Martin Farach-Colton        

Miguel Mosteiro



Results

• LibrarySort, a natural implementation of 
InsertionSort with gaps.  

• Theorem: LibrarySort runs in O(N lgN )
time w.h.p. and uses linear space.  Each 
insertion is exp O(1) and O(lg N ) w.h.p.. 













































Similar to # coin flips until we get a head.
O(1) in expectation & O(lg N ) w.h.p.

Coins are not independent, but negatively correlated.
Easy to solve using Chernoff bounds. 
Can also solve directly using basic probability.



Concluding analysis

• Pr[given set C, |C|=(2+ε)c lg m has too few 
support elements]

…which is polynomially small.







• Related work: Ave-case priority queues 
[Itai,Konheim,Rodeh81]
Contains most ideas of LibrarySort.
LibrarySort simplifies. 



Upper bound Lower bound

O(N) gaps 
Sequential File 
Maintenance

O(lg2N) insert 
[Itai,Konheim,Rodeh] 
[Willard]

Ω(lg N) insert
[Dietz][Seiferas]

poly(N) gaps 
order maintenance, 
list labeling

O(lgN) insert 
[Deitz][DietzSleator][Tsakal
idis][Bender,Cole,Demaine,Fa
rachColton,Zito]

Ω(lg N) insert
[Dietz][Seiferas]

O(N) gaps in 
external memory 
packed-memory 
structure in cache-
oblivious algorithms

O(1+lg2N/B) 
insert
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