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My Relationship with Insertion Sort
fall 12%. I'm an undergraduate.

Leave empty cpaces or gaps 10
accomadate future ingerhang.
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My flahonship with Inserhin St

Anybody who hes spent fime in 3 libravy knows that insertions
are cheaper than [inear fime.
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Insertion Sort is O(N logN )

Michael A. Bender
Martin Farach-Colton
Miguel Mosteiro



Results

» LibrarySort, a natural implementation of
InsertionSort with gaps.

* Theorem: LibrarySort runs in O(NIgN)
time w.h.p. and uses linear space. Each
insertion is exp O(1) and O(lg V) w.h.p..
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Libravy Sort is O(NlogN)

for k=140 N do
find locahdo o insert x, (binary seorch)

ingert Xk

# K is power of 2 then
reaionge elements evenly w2+ €)k - sized region.
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# K is power of 2 then
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for k=1+0 N do

Libravy Sort is O(NlogN)

find locahdo o insert x, (binary seorch)
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# K is power of 2 then
reaionge elements evenly w2+ €)k - sized region.
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for k=1+0 N do

Library Sort is 0 (NiogN)

find locahdo o insert x, (binary seorch)
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for k=1+0 N do

Library Sort is 0 (NiogN)

find locahdo o insert x, (binary seorch)
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Thin: each weertion has cast 0(lgN) w.h.p.



Thin: each weertion has cast 0(lgN) w.h.p.
PFidea: Phose 2 elemomts 22— 22 incerted.

beginning of phese: elements are rebalenced Cevenly spread in array).
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24 support elements




Thin: each weertion has cast 0(lgN) w.h.p.

PFidea: Phose 2 elemomts 22— 22 incerted.

Miw elements are rebalanced Cevenly spread in arfay ).

(®1T [ |e » ® @] [ 1
24 support elements
end of phese: for sufficiently lage amstont ¢, any region of sie clgN
has gaps w.h.p.
| | clgN |
@]e] [® LEK X OIe] T ]

2% suppot and 2% intercalated elements




Tnvaviant

The (k+1)st element is equally likely to be inserted behueen
any two of the k elements akeady m fhe array

Follows  because elements are nserted in rondom ordler.

key odey ———

..@: ©:®é ; @:(s) , (numbess = oder of insertion)
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Dense vegions of away act as attvactors.
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Need to show fhat despite akfrachin dense regions olo not get foo big.
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Balls and Bing Game
|des mode] aﬂrachna rogions when M ebols i array.

e L 1 e 1l e
Wnihally Initially
clgn balks M-ClgM balls

Bin A Bin R
M addihonal balls Hhrown in bing.

K™ ball hrown inte 8in A or B with probabilily praportional fa3 balls in bins
Xy = {1 i€ ball k thrawn into i A
0 otherwise.




Balls and Bing Game
|des mode] aﬂrachna rogions when M ebols i array.

<A e 1) oo
Wnihally Initially
ClgM bals M-ClgM balls

Bin A Bin R
M addihonel balls Hhrown in bins.

K™ ball hrown inte 8in A or B with probabilily praportional fa3 balls in bins
Xy = {1 i€ ball k thrawn into i A
0 otherwise.

Thm: Number of bslls thrown in BnA s

X= Xy * Xt -+ +Xon= 0CIGN).
@3 Random vaniables X".,, X2n oré Mﬁwe!y mehfed




Need an alternative approach




Alternative Analysis
Elements odered by insertion ovder : vandom parmutetin on keys
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Elements ordeved by keys : rorbm permutshin on insert ordler



Alternative Analysis
Elements odered by insertion ovder : vandom parmutetin on keys

® 060 06 006 © & 0 ®© 0 ® 0 o o
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Elements ordeved by keys : rorbm permutshin on insert ordler
® © & © 6 06 © ¢ © 6 0 ¢ & 0 o

—C(2+€) cigN

Claw: In any window of size Bcly N) there are B(1gN) support elements
ad @(lgN) wtercalated clerverts w.hp.
=> evenly dishibuted.




Alternative Analysis
Elements ordeved by keys : rordbm permutshin on insert ovoler
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Clam:  fov suffiaently (vge ¢, in any window of Sne (2+€)clgN, there are
7 clgN support elements and < (1+ ) clgN intevcalated elements.




Alternative Analysis
Elements ovdeved by keys : rordom permutshn on insert ovoler

® © & © 6 ¢ © ® ® ¢ © ¢ o o 0 o
—C(2+€)cigN

Clam:  fov suffiaently (vge ¢, in any window of Sne (2+€)clgN, there are
7 clgN support elements and < (1+ ) clgN intevcalated elements.

Recall: k Surpon" elements tuke Space (‘L*&)k.
= room for infercolofed elements



Alternative Analysis
® © ® © 6 ¢ © & ©® o © 0 © & 0 o
—1{(24€) clgN :

Clawn: In any window of size Bcly N) there are B(lgN) support elements
ad @(lgN) wtercalated clerverts w.hp.

Similar to # coin flips until we get a head.
O(1) in expectation & O(lg V) w.h.p.

Coins are not independent, but negatively correlated.
Easy to solve using Chernoff bounds.
Can also solve directly using basic probability.



Concluding analysis

+ Pr[given set C, |C|=(2+¢£)c g m has too few
support elements]

clogm

< 3, () &) o)
= (2mm0+1) ‘ Zg (f)

=0

..which is polynomially small.
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Hous u|, wlm ¥ elm}s 1S larﬂe, but..

Claim: while the number of elements k<,
the fohal cast for library sort is O(n).

=Douly need 1o (onsider Case k3 2(T7).



Thin: each weertion has cast 0(lgN) w.h.p.



G‘a.ps T M:j anldge

Tbis "'a.lk: avemae -(ase amly.fis of naive {-olk insertion.

* Related work: Ave-case priority queues
[Itai,Konheim,Rodeh81]
Contains most ideas of LibrarySort.

LibrarySort simplifies.



G‘a.ps In M3 anlelge
O‘chr Uorl(: nUm:. s:km fef weorst case.

Upper bound

Lower bound

O(N) gaps
Sequential File
Maintenance

O(Ig2N) insert
[Itai,Konheim,Rodeh]
[Willard]

(A(lg N) insert

[Dietz][Seiferas]

packed-memory
structure in cache-
| oblivious algorithms

poly(/N) gaps O(IgN) insert CU(lg N) insert
order maintenance, .[?.‘2'][El[féilzci'E%Z'lﬂﬁé"‘éﬂ [Dietz][Seiferas]
list |Gbe|in9 rachColton Zito] ’

O(N) gaps in O(1+lg2 N/B)

external memory |insert
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Results

» LibrarySort, a natural implementation of
InsertionSort with gaps.

* Theorem: LibrarySort runs in O(NIgN)
time w.h.p. and uses linear space. Each
insertion is exp O(1) and O(lg V) w.h.p..



