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Abstract. This article first reviews the problem of partitioning a positive integer in gen-
eral. And then recursive algorithms for P(n.k), generating exactly k partitions of a posi-
tive number n are presented. The most efficient recursive algorithm’s computational
running time is ®(kxp(n,k)) which is the lower bound of P(n,k) problem.

1 Preliminary

A positive integer n can be represented by sums of positive integer terms. For example of n = 5,
there are 7 different ways as listed in Table 1.

Table 1. P(5) and P(5,k) example

5 [=1+1+1+1+1 | P55 ={<L1,111>}
=2+1+1+1 P(5,4) = (<2,1,1,1>}
=3+1+1 P(5,3) = {<2.2,1>,
—2+2+1 <3,1,1>)
—4+1 P(5,2) = 1<3.2>,
=3+2 <4,1>)
=5 P(5,1) = {<5>)

This classic problem of generating partitions of a positive integer n is formally defined in eqn(1)

P(n)={| ZI(i) =nal(i) einteger{l,...,n} A1) > 1(j)if i > j} (1)
1(i)el
Let /(i) denotes the i element in the list /. P(n) is a set of ordered list / whose elements /(i)’s are
positive integers and their sum is exactly »n. Any permutation of / is considered to be the same, e.g.,
2+2+1)=(1+2+2)=(2+1+2). Hence, only the sorted lists are included in the output set.

A simple binary tree to generate all partitions of all integers is depicted in [1] and Figure 1 (a). The
algorithm is given below where +(/,, /,) is concatenating two lists and /(1~|/|-1) is a sub list of / start-
ing from the fist element to | l|-1th element, e.g., +(<3,3>,<1>) =<3,3,1>=/[,and [(1~2)=<3,3>.

Algorithm 0: P(*) where
1. the rootis <1>
2. generate children by eqns (2) and (3) for all nodes, recursively.

L(l) = +(1,<1>) )

R(I):{Jr(l(l~| =D, <I(1)+1>) ifI1(1]) <I(1-1]) @)

abort otherwise
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Figure 1. (a) a binary tree for P(*), (b) a binary tree for P(6), and (c) P(7,4) with bars.

P(n) for any n can be generated together with all P(i)’s for i < n using the Algorithm 0, yet another
more efficient algorithm to generate only P(#) is depicted as a simple binary tree in [1] and an exam-
ple is shown in Figure 1 (b).

Let P(n,k) denote a set of ordered list / whose length is exactly £, i.e., the positive integer n is ex-
pressed exactly k partitions as formally defined in eqn(4) and some examples are given in Table 2.

P(n,k) ={l =<I0),--,1(k) >| Zkll(i) =nAl(i) einteger{L...,n} A 1G) = 1(j)if i > j} (4)

P(n) :LH_JP(n, k) (5)

Notice that ™ level in the binary tree in Figure 1 (b) contains P(n.k) and thus P(n,k) can be computed
using the respective algorithm, yet one must generate P(n,1)~P(n,k—1) in order to generate P(n,k).
Another way to think of the problem is using k£ — 1 bars to separate # items into k partitions.

Table 2. Examples of P(n,k)

P(15,2) | P9,3) P94 P(9.,5) P(8,3) P(8,4) P(8,5) P(7,3) P(7.4)

<87> | <333> | <3,2272> | <2222.1> | <332> | <2222> | <222.1,1> | <322> | <222,1>
<9.6> | <432> | <332,1> | <322.1,1> | <422> | <322.1> | <32.1,1,1> | <33,1> | <3,2,1,1>
<10,5> | <44,1> | <422,1> | <33,1,1,1> | <43,1> | <33,1,1> | <4,1,1,1,1> | <42,1> | <4,1,1,1>
<A4> | <522> | <43,1,1> | <42,1,1,1> | <52,1> | <4.2,1,1> <5,1,1>
<123> | <53,1> | <52,1,1> | <5,1,1,1,1> | <6,1,1> | <5,1,1,1>
<132> | <62,1> | <6,1,1,1>
<14,1> | <7,1,1>




Generating P(n,k) is not only an important number theory problem, but also plays a key role in
numerous application problems. Albeit an efficient was developed in 1779 and described in [1], here
recursive algorithms are presented not only to provide a recursive definition of the problem, but also
to reason its efficiency.

2 Designing Recursive Algorithms

Before embarking on the algorithm, it is necessary to define some concatenate functions. The
function, +(x,L), takes an integer x and L, a set of ordered lists of integers as inputs as defined in
eqn(6). A new set of lists are produced by inserting x in the head of each list in L as exemplified in
eqn(7). Inserting an element in the beginning of a list takes a constant computational time [2].

+ (X, L) ={<x1@,---,1(1]) >l e L} (6)
<4,611> <6,11>
<4521> <521>
<4,431>=+(4,y<431>)) (7
<4,4,2,2 > <4,2,2>
<4,332> <332>

Some of the lists in the output set in eqn(6) may not be ordered lists anymore. Hence, let’s define
a new function, ®(x,L) which excludes such cases as defined in eqn(8).

@ (X, L) ={<x,1Q),---,1(JI1) >l e LAID) < x} (8)
<611>
<4,431> <521>
<4422>:=®(4,4<431>}) 9)
<4332 > <4,2,2>
<332>
<311>
=®(1,
0= {< 221 >}) (10)

The output of @ may be an empty set as in eqn(10). Note that ©(4,{}) returns <4>. Let ®(x,L) be
identical to ®(x,L) except that ®(4,{}) returns {} instead of <4>.

®(x L) ={ U =0 (11)

{<x1@),---, 1) > 1eLAI@Q) <X} otherwise
Using the ®(x,L) function, P(n,k) = {&(1, P(n—1,k-1), ®(2, P(n-2,k-1), ..., ®&(n, P(n—nk-1))}
and thus, a recursive and algorithmic definition of P(n,k) can be written as in eqn(12).

Algorithm I: eqn(12)

{ if k>n
P(n,k) = n if k=1&k <n (12)

0®(i,P(n—i,k—1)) if k>1&k <n

i=1



One should not generate the Fibonacci sequence number by its recursive definition as it would take
O(¢"). Similarly, the eqn(12) is a sound recursive definition of P(n,k) but unfortunately Algorithm I
makes too many unnecessary recursive procedure calls as shown in Figure 2 (a).

One quick observation from Figure 2 (a), n—k+1 upper bound can be used to reduce the unneces-
sary recursive calls.

Theorem 1. P(n—ik—1) = {} if i > n—k+1.
Proof. If i = n—k+1+ e where ¢ > 1, P(n — ( n—k+1+¢), k—1) = P(k— 1 — ¢, k—1).
Since (k— 1 —¢) < (k=1), P(n—i,k—1) = {}. [

Instead of checking all integers from 1 to » as in Algorithm I, only from 1 to n—k+1 can be checked.
Using the Theorem 1, Algorithm II is given in eqn (13)

Algorithm II: using n—k+1 upper bound in eqn(13)
» n if k=1
POLKY =1 e G, P(—ik-1) ifk>1 (13)

i=1

Notice that @ is used instead of ® since the upper bound guarantees that P(n,k) never returns an emp-
ty set because n is always greater than or equal to k. The recursive call diagram of Algorithm II for
P(6,4) is shown in Figure 2 (b). Once again, the eqn(13) may be a better definition for P(#,k) than the
eqn(4) which is a non-algorithmic definition, yet Algorithm II still makes too many unnecessary re-
cursive calls.

Another upper bound can be noticed from Figure 2(b); P(3,2) in ©(1,P(3,2)) makes two recursive
calls: ©(1,P(2,1)) and ©(2,P(1,1)). Notice that &(1, ©(2,P(1,1))) will return always an empty set
because the output list <...,1,2,...> is not ordered.

Theorem 2. &(s, ®(j, P(n—j,k—1)) = {} ifj>s
Proof. Let j =s + ¢ where ¢ > 1. +(s, + (s + ¢, P(n—(c + ¢), k—1)) will return < ¢, ¢ + ¢, ...> which is
not an ordered list. Hence, ®(c, ®(c + ¢, P(n—(c + ¢), k—1)) = {} |

The value s in the parent level can be another upper bound for a given recursive procedure to avoid
unnecessary children procedures. The value ¢ must be passed to its children recursive procedures as
an extra parameter and the recursive procedure must choose the minimum of two upper bound val-
ues. Hence, the following Algorithm III has two parts: one is the initial call part in eqn(14) and the
other is recursive procedure with an extra parameter part in eqn(15).

Algorithm III: using the minimum of two upper bounds: eqn(14) followed by eqn(15)

me):{ o if k >n

Q(n,k,n—k +1) otherwise (14)

n if k =1
QLK) =1 @ (,Q(n—i,k —1, min(i,n—i—k+2))) if k>1 (15)

i=1

Figure 2 (c) shows the recursive call diagram of Algorithm III for P(6,4). It is much more efficient
than Algorithm I and II yet can be improved further.



P(6,4) ®(1, P(5,3)) ®(1,P(3,1)) — P(3,1)=3
®(2,P(2,1)) — P(2,1)=2
®(3,P(1,1)) — P1,1)=1
®4,P(0,1) — {}

®(1,P(2,1)) — P(2,1)=2
®(2,P(1,1)) — P(L,1)=1

®(2,P(3,2)) §
®@3.POL)) — {3
®(LP11) — P(L1)=1

®(3,P(2,2)
~ ®@2,P0.1) — {}

®(1,P(4,2)) §

—

®(4,P(1,2)) — 1}
®(5,P(0,2) — {}
®(2, P(4,3)) ®(1,P(3,2) ®(1,P(2,1)) — P(2,1)=2
§ ®(2,P(1,1) — P(L,1)=1
®@B.PO1) — {}
®(2,P(2,2)) AN ®(L,P(1,1) — P(L,1)=1
®(2,P01) — {}
®@BP(12) — {&
®(4,P(02) — {}
®(1,P(2,2)) — ®(1,P(1,1)) — P(1,1)=1
®(2,P(1,2) —> {}
®(3,P(0.2) — {}

®(3, P(3,3)) §

P(6,4) ®(1,P(5,3))

(4, PR3) — {}
{®6 P13 — {3
®(6,P03) —{} (a) Algorithm |
®(1,P(4,2)) ®(1,P(3,1)) —> P(3,1)=3
§ ®(2,P(2,1)) —> P(2,1) =2
®B,P(1,1) — P(1,1)=1
®(2,P(3,2)) Y ®(1,P(2,1)) —> P(2,1)=2
®2,P(1,1) —> P(1,1)=1
®B,P(2,2)) — ®(1,P(1,1)) —> P(1,1) =1
®(2,P(4,3)) ®(1,P(3,2) Y ®(,P(2,1)) —> P(2,1)=2
Y ®(2,P(1,1)) —> P(1,1)=1
®2,P(2,2) — ®(1,P(1,1)) —> P(1,1) =1
®(3,P(3,3) — @®(1,P(2,2)) —> @®(1,P(1,1)) —> P(1,1)=1
(b) Algorithm 11

P(6,4) = Q(6,4,3)

®(1,QB.21) — &(1,Q(211) — Q@211 =
®(2,Q(2.21)) — &(1,Q(1,1.1)) = Q111 =

Q(6,4,3) v ®(1,Q(53,1)) — &(1,Q(4,2,1)) — &(1,Q(3,1,1)) — Q(B,1,1) =
§ ®(2,Q(4,3,2)) N
®(3,Q(3,31)) = &(1,Q(2,2,1)) = &(1,Q(1,1,1)) — Q1,11 =

(c) Algorithm 111
P(6,4) = R(6,4,3)

R(6,4,3) Y

(d) Algorithm 1V

Figure 2. recursive procedure call diagrams for P(6,4).
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So far, only the upper bound values have been utilized in Algorithm II and III, a lower bound,
ceil(n/k) can be observed from Figure 2. In order to cover n with k partitions, the first partition’s size
must be at least ceil(n/k).

Theorem 3. & (i, P(n—i,k —1)) ={} if i <[ %]

Proof. Suppose the first partition’s size is i < ceil(n/k). Then the remaining partitions’ size must be
less than or equal to i. If all partitions’ sizes are equal to i, the total size is the maximum and it is kxi.
But kxi < n because ceil(n/k).

>

r N\

. J

The following Algorithm IV utilizes both upper bound and lower bound.

Algorithm I'V: Algorithm III + lower bound: eqn(16) followed by eqn(17)

~ { if k>n
Pk = {R(n, k,n—k+1) otherwise (16)
n if k=1
R(n,k,s) = p+ (i,R(n—i,k-1Lmin(i,n—i—-k+2))) ifk>1 (17)
i:%-l

Figure 2(d) and Figure 3 show the recursive procedure call diagram of Algorithm IV. Note that
+(x,L) function is used instead @ because the lower bound guarantees that all /(1)’s are less than or
equal to x.
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Figure 3. The recursive procedure call diagram of Algorithm IV for P(12,4).
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3 Computational Complexity

p(n) is widely known as the integer partition function which is a way of writing » as a sum of posi-
tive integers [3,4]. In other words, p(n) is the cardinality of P(n); p(n) = |P(n)|. Let p(n,k) = |P(n,k)|.
Finding p(n) or p(n.k) such as p(27,8) = 352, p(31,5) = 427, and some examples in Table 3 is an im-
portant problem and has been widely studied in depth. It can be computed much faster without com-
puting P(n,k) [3,4]. We will not consider the algorithm for generating p(n) here but use it to state the
computational complexity of Algorithm IV.

n
p(n) =2 p(nk) (18)
k=1
Table 3. Cardinality p(n,k)
Mk |1 |2 [3 |4 |5 |6 |7 |8 |9 |10 |11 [12 [13 [14 |15 |16 | 17 | p(n)
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
2 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2
3 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 3
4 1 2 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 5
5 1 2 2 1 1 0 0 0 0 0 0 0 0 0 0 0 0 7
6 1 3 3 2 1 1 0 0 0 0 0 0 0 0 0 0 0 11
7 1 3 4 3 2 1 1 0 0 0 0 0 0 0 0 0 0 15
8 1 4 5 5 3 2 1 1 0 0 0 0 0 0 0 0 0 22
9 1 4 7 6 5 3 2 1 1 0 0 0 0 0 0 0 0 30
10 1 5 8 9 7 5 3 2 1 1 0 0 0 0 0 0 0 42
11 1 5/10| 11| 10 7 5 3 2 1 1 0 0 0 0 0 0 56
12 1 6| 12| 15| 13| 11 7 5 3 2 1 1 0 0 0 0 0 77
13 1 6|14 | 18] 18| 14| 11 7 5 3 2 1 1 0 0 0 0 101
14 1 7116 23] 23] 20| 15| 11 7 5 3 2 1 1 0 0 0 135
15 1 7119|2713 26] 21| 15] 11 7 5 3 2 1 1 0 0 176
16 1 8121 | 3437|135 28|22]15] 11 7 5 3 2 1 1 0 231
17 1 8124 | 39) 47| 44| 38| 29| 22| 15| 11 7 5 3 2 1 1 297

The output set size of P(n.k) is k x p(n,k) and hence the computational running time complexity of
any algorithm is Q(k x p(n,k)) which is the lower bound. Note that Algorithm IV makes exactly
p(n,k) number of concatenate functions for each level. There are & levels and thus Algorithm IV takes
O(k % p(n,k)). All Algorithms I, II, and III takes Q(k x p(n,k)).

It should be noted that p(n,k) grows very fast as depicted in Figure 4. Generating P(n) takes expo-
nential, O(nxp(n)) by the eqn(19), a.k.a. the Hardy and Ramanujan asymptotic formula [3,4].

e”ﬁf*E (19)
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Figure 4. p(n,2), p(n,3), p(n,4), p(n,5) plots



4 Discussion

Recursive thinking often sheds some light on how to define and solve a difficult problem. This pa-
per presented four recursive algorithms for P(n,k). Naive recursive algorithms are introduced to de-
vise an excellent recursive algorithm. It is often a good strategy and tactic to design an algorithm for
a difficult problem.

P(n,k) is about distributing 7 unlabeled tasks to exactly £ unlabeled processors. No idle processor
is allowed. If processors are labeled, the order matters, e.g., <2 ,2 ,1> # <2 |1 2> # <1 ,2 ,2>. Let
O(n,k) be a way of distributing » unlabeled tasks to exactly k labeled processors. To generate O(n,k),
Algorithm II can be used by replacing © with + function.

Algorithm V:
. n if k=1
O(n,k) = U+ G,0(n-ik-1) ifk>1

i=1
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